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A B S T R A C T   

Burgeoning interest in nanoparticles across a number of distinct fields has spurred broad investigation into the 
optimization of particle shape and surface chemistry. Here we demonstrate the application of DFT and DFPT 
calculations to compute bulk reference free energies and surface excess free energies accounting for vibrational 
and, where appropriate, configurational entropies of solid particles and particle surfaces. Using these results we 
construct “particle configuration maps”—graphical maps of the equilibrium shape and surface chemistry of 
particles over a range of temperatures and environmental conditions. Applied to W particles in O- or Ba/O- 
containing environments (a model system relevant to thermionic dispenser cathodes with critical applications 
in vacuum electronic devices) these maps highlight the critical role that Ba plays in controlling both the shape 
and surface chemistry of W particles in application-relevant conditions. These system-specific findings demon-
strate the broad power of DFT+DFPT computed particle configuration maps: revealing connections between and 
insight into particle behavior and properties as a function of experimentally-relevant conditions.   

1. Introduction 

Proposed applications for nanoparticles are numerous and span 
seemingly unrelated fields, including drug delivery [1–9], catalysis 
[10–14], and electron devices [15–19]. In nearly all applications, 
nanoparticle shape is known to have a significant impact on particle 
properties and behavior [20,21]. Therefore, the ability to predict, or 
even tailor, particle shape is crucial for improving properties and per-
formance. Both equilibrium particle shape and shape evolution during 
fabrication are controlled by details of a particle’s surfaces—details 
which are, in turn, controlled by the chemical, thermodynamic, and 
mechanical conditions or environment in which a particle is found 
[22–26]. 

The connections between the conditions in which a particle is 
found—e.g., chemical environment and/or temperature—and particle 
shape are complex, as reflected in the diversity of possible surface 
configurations at the atomic-scale. Here we demonstrate the calculation 
of temperature- and chemical environment-dependent surface free en-
ergies from density functional theory (DFT), and, from these values, the 
distillation of maps of equilibrium nanoparticle shapes. While the 
approach described here can be applied to the prediction and optimi-
zation of equilibrium nanoparticle shapes generally, in this paper we 

consider an example system relevant to thermionic, or “hot”, cathodes. 
State-of-the-art Sc-containing (“scandate”) cathodes have been shown to 
exhibit significantly improved performance as compared to related “B- 
type” cathodes. Both scandate and B-type cathodes consist of pellets of 
loosely sintered W crystallites (500–1000 nm in diameter) with Ba- 
containing mixed oxide powders in the pores of the pellet. The addi-
tion of Sc (to form a scandate cathode) both enhances performance and 
results in W crystallites with a highly characteristic shape after 
annealing at high temperatures (̃1150◦ for on the order of 24 h) [27]. 
Significant current research is focused on understanding the origin of 
this characteristic (0 0 1)-, (1 1 0)-, and (1 1 2)-terminated W crystallite 
shape and the roles that surface composition and annealing temperature 
play in its stabilization [27–31]. We directly support these studies by 
examining temperature- and chemical environment-dependent surface 
free energies and reporting “particle configuration maps” for B-type 
conditions: particles with bare, O-terminated, and Ba/O-terminated W 
(0 0 1), (1 1 0), and (1 1 2) surfaces. 

As-fabricated nanoparticle shapes are the product of kinetic and 
thermodynamic factors governing surface configuration and behavior, 
with kinetics playing a particularly important role in solution processing 
[22]. For nanoparticles in high-temperature or gas-phase applications, 
thermodynamic factors increasingly control surface configurations, and 
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therefore the stability and evolution of particle shape. Numerous 
experimental studies have examined the effect of temperature on stable 
particle shape [32–39]. Though the thermodynamic effects of chemical 
environment are often challenging to distinguish from kinetic effects, 
significant recent effort has focused on effects of gas-phase environ-
ments on particle shape [40–46], including a subset that have focused on 
the role of oxygen availability [31,47–58]. 

Density functional theory (DFT) allows accurate calculation of 
ground state, or “zero-temperature”, atomic-scale structures and en-
ergies of possible surface configurations. On their own, these tempera-
ture- and environment-independent results can be used to approximate 
stable particle shapes in qualitatively described chemical environments 
by treating the reference energies of environmental species as free pa-
rameters [45]. Temperature effects due to changes in the chemical 
environment can be approximated by treating the temperature depen-
dence of these reference energies as that for an ideal gas [57,59]. 
Measured thermochemical data [60] has been used for the reference 
energies of gas-phase environmental species allowing improved com-
parisons to measurable temperatures and chemical environments (via 
partial pressures). This combination of DFT-calculated properties of the 
solid and surface plus thermochemical data for the gas-phase environ-
ment has been widely used to predict the stability of particular surface 
configurations [50,56,58,61,62]. Despite the incorporation of 
temperature-dependent environmental properties, all of these pre-
dictions for particle shape and/or surface stability are still limited in that 
“zero-temperature” DFT calculations of the solid and its surfaces neglect 
entropic contributions—that is, such calculations do not yield the sur-
face free energies that ultimately govern particle shape. 

Separately, density functional perturbation theory (DFPT) has been 
widely applied to compute the properties of phonons from DFT, 
including the phonon density of states and vibrational contributions to 
entropy [63–65]. This has allowed direct calculation of both bulk 
reference free energies [61,62] and surface free energies [64,66–68]. 
Calculations of this type are generally limited to a small number of 
surface configurations, and do not address equilibrium particle shape or 
chemical effects due to a particle’s environment. Recently DFPT has 
been used to augment thermochemical data (applicable to isolated 
molecules) by adding a correction for changes in vibrational entropy of 
environmental species due to surface absorption [67]. In addition, a very 
recent paper has used DFPT calculated surface free energies to predict 
the Wulff shape of W in pure vacuum conditions (that is, absent any 
chemical environment) [68]. In the following we extend these ap-
proaches to directly compute temperature- and chemical environment- 
dependent equilibrium shapes for W particles exposed to O and/or Ba. 
We also account for the configurational entropy arising from adsorbate 
diffusion on solid surfaces. This approach allows formulation of maps of 
equilibrium particle shape under realistic experimental con-
ditions–including those relevant to the optimization and application of 
W-based thermionic cathodes [27–31]. 

2. Background and methods 

2.1. Thermodynamic approach 

In the thermodynamic limit, a particle will assume the shape that 
minimizes the total surface excess free energy. This equilibrium shape is 
called the Wulff shape, and can be deduced, via the Wulff construction, 
from knowledge of the surface excess free energies of any surface con-
figurations that may appear [22,69]. A “surface configuration” is a 
specific composition and arrangement of atoms at, near, or on a 
particular surface. For crystals, surface configurations are first classified 
by their planar orientation relative to the underlying crystal’s principle 
axes. Facets are regions of appreciable surface area sharing a common, 
identifiable orientation. Patterns of atoms present at a surface facet may 
be reconstructions of the underlying bulk structure, have compositions 
that differ from the bulk, and/or be decorated with atomic or molecular 

adsorbates. Full determination of the true Wulff shape requires knowl-
edge of the free energies of the non-finite set of all possible surface 
configurations. In practice, only a small subset of all possible configu-
rations have any meaningful likelihood of being expressed by a real 
particle: essentially configurations that are minimal, or highly regular, 
reconstructions of the underlying crystal structure (most likely driven by 
changes that satisfy broken surface bonds), and/or configurations with 
environmentally-determined atoms or molecules incorporated or 
adsorbed at high-symmetry or broken bond sites on the surface. 

A key challenge in applying the Wulff construction with DFT- 
computed surface energies is that, alone, DFT only yields ground- 
state, zero-temperature energies that do not account for entropy or 
zero-point vibrational energy [EDFT ≡ E(T = 0)]. In addition, DFT 
computed energies characterize particles in a perfect vacuum 
[EDFT ≡ E(P = 0)]. More formally, for Ĝ(T,P) = U − TŜ + PV, where the 
hatted notation (x̂) highlights that x depends on temperature: 

EDFT ≡ G(T = 0,P = 0) = U  

Therefore, EDFT values are not free energies as required in the Wulff 
construction. 

Free energies require accounting for entropy and zero-point energies. 
At elevated temperatures the contribution of entropy to the total free 
energy grows dramatically. At temperatures below a crystal’s melting 
temperature, vibrational entropy (ŜV) and vibrational zero-point energy 
(EVZP) will be the major components of this contribution [70]. For sur-
faces where not every equivalent surface site is occupied, we also 
include configurational entropy (SC) arising from the exchange of po-
sitions of surface adsorbates and vacancies. With EDFT, we may write: 

Ĝ = EDFT + F̂V − TSC (1)  

Here, the combination of DFPT-computed vibrational entropy and zero- 
point energy takes the form of a Helmholz free energy (where F̂V =

EVZP − TŜV). SC is computed according to SC = kBlnΩC, where ΩC counts 
the number of arrangements of vacant and occupied surface adsorption 
sites for a given surface configuration, and SC is normalized by the slab 
area. This term is zero for surfaces where all equivalent surface sites are 
occupied and for bulk systems. 

Surface excess free energies as a function of temperature (γ̂) are then 
simply the excess free energy present in a system containing a surface, 
relative to the energy of all species in their (bulk) reference state. In the 
present calculations, double-sided semi-infinite slabs are used to repre-
sent surface facets. The surface free energy per unit area (γ̂α) of a 
particular surface configuration (α), containing ni atoms of various 
species i, each having reference energy μ̂i, is thus: 

Ĝslab,α =
∑

i
μ̂ini + 2Aα γ̂α (2)  

The factor of two is included to account for the two sides of the slab, each 
with an area Aα. ̂μi is the chemical potential (Gibbs free energy per atom) 
of the each species i in its reference state. Combining with Eq. 1: 

Ĝslab,α = EDFT,α + EVZP,α − T(ŜV,α + SC,α)

=
∑

μ̂iNi + 2Aα γ̂α
(3)  

Or: 

γ̂α =

EDFT,α + EVZP,α − T
(

ŜV,α + SC,α

)

−
∑

μ̂iNi

2Aα
(4) 

Finally, the equilibrium particle shape, or Wulff shape, is that which 
minimizes the total surface excess energy (Γ̂) at fixed volume, where: 

Γ̂ =
∑

α
γ̂αAα (5) 
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The Wulff construction [71] is the geometrical equivalent of Eq. 5, 
where Γ̂ is minimized for the convex hull of all surface configurations, α, 
each constructed a distance proportional to ̂γα from the origin. That is, Γ̂ 
is minimized for the smallest closed shape formed from planes repre-
senting each surface configuration arranged with hα = λγ̂α for hα, the 
height along the plane normal from the origin for each surface config-
uration α, and λ, a scaling factor. 

2.2. Calculation details 

In the following, the commercial planewave pseudopotential code, 
VASP (Vienna Ab initio Simulation Package) [72], was used for all DFT 
calculations. Pseudopotentials based on the Perdew-Burke-Ernzerhof 
(PBE) formalism of the generalized gradient approximation (GGA) 
[73] with projector augmented wave method (PAW) [74] were used for 
all atoms. The W (5p66s25d4), Ba (5s65p66s2), and O (2s22p4) electrons 
were included in the respective valences. Brillouin zone sampling was 
done with Monkhorst-Pack k-point meshes with densities at least 30 k- 
points/Å− 1 in each direction for each calculation. Atomic positions were 
relaxed according to calculated interatomic forces until the total energy 
was converged to better than 1 × 10− 7 eV/atom. The planewave 
expansion of the wavefunction was truncated at 520 eV. 

For the bulk systems relevant to this study—W, WO3, Ba, and 
BaO—reference energies were determined by converging μ̂i with respect 
to system size. Supercells ranging in size up to 3× 3× 3,2× 2× 2,3×

3× 3, and 2 × 2 × 2 bulk unit cells were considered for W, WO3, Ba, and 
BaO respectively. Bulk μ̂i(T) curves for each of these species can be 
found in the Appendix. (0 0 1), (1 1 0), and (1 1 2) surfaces were 
considered based on previous characterization results for scandate 
cathodes, and were represented as periodic semi-infinite W slabs with 
thicknesses of 13, 9, and 19 atomic layers (̃20.6 Å, ̃ 19.12 Å, and ̃ 23.4 
Å of W, respectively). Slabs were separated by a minimum vacuum 
spacing of 32–40 Å. For each surface, the W slab was left bare or 
decorated with various configurations of adsorbed O or Ba and O atoms, 
following Zhou et al. [31]. In addition, the [2 × 2] reconstructed and [2 ×

2] supercell of ideal-terminated W (0 0 1) surfaces were both considered 
[68,75], as was a newly identified [2 × 2] “zig-zag” reconstruction of the 
Ba and O-decorated (1 1 2) surface (see Fig. 8 in the Appendix). For 
images and details of all surface configurations except the bare W [2 × 2]
(0 0 1) and the zig-zag Ba/O [2 × 2] W (1 1 2) see Ref. [31]. 

F̂V and EVZP were calculated using PHONOPY, an open source soft-
ware package that leverages VASP for DFPT calculations [63]. Phonon 
properties were calculated in the harmonic approximation, and were 
computed separately for bulk and surface slab systems. The software 
package Wulffmaker [69], which implements the Wulff construction in a 
user-friendly interface, was used to draw representations of the Wulff 
shape for selected sets of calculated γ̂α values. 

3. Results and discussion 

3.1. W particle shapes in pure vacuum 

To compute the surface free energies required to determine the Wulff 
shape, temperature-dependent bulk reference free energies were 
required. While single primitive cells are sufficient to resolve zero- 
temperature, ground-state properties of bulk crystals, free energies ac-
counting for vibrational entropy require supercells large enough to 
capture the set of activated phonons. Fig. 1 shows computed bulk free 
energies per atom of W (from Eq. 1) for different supercells as a function 
of temperature. Cubic bulk W supercells of various sizes were studied to 
determine convergence of F̂V with respect to volume. As can be seen in 
Fig. 1, the primitive W unit cell significantly underestimates the 
contribution of ŜV, leading to a nominally constant μ̂W, even at elevated 
temperatures. The largest supercell (3× 3× 3) was selected as the 
converged μ̂W and this curve was used as the W reference for all 
computed surface energies. Similar N × N × N supercells were used to 
compute μ̂i values for of WO3, Ba, and BaO. 2× 2× 2,3× 3× 3, and 2 ×

2 × 2 supercells were selected as converged references for these species, 
respectively, and are reported as a function of temperature in Fig. 7 of 
the Appendix. 

Surface free energies as a function of temperature for bare W (0 0 1), 
(1 1 0), and (1 1 2) (that is, W in a pure vacuum) are shown in Fig. 2, as 
well as a selection of resulting Wulff shapes at 300, 1000, and 2000 K. 
These surface energies do not include a configurational entropy term, 
since uniform terminations with no vacancies are expected on bare 
metal surfaces. At all temperatures, the surface free energy of W (1 1 0) 
is lower than that of the both W (0 0 1) and W (1 1 2) surfaces, and, 
consistent with previous experiment [76–81] and calculation [68,82], W 
particle shapes are found to be dominated by (1 1 0) surfaces. Consid-
ering bare W (0 0 1) in isolation, the [2 × 2] reconstructed surface has the 
lowest free energy at all temperatures. At 0 K, the reconstructed W (0 0 
1) surface is 6.82 meV lower than the ideal-terminated configuration, 
similar to the 6.87 meV (0.11 J/m2) lower energy reported in Ref. [68]. 
The bare W (1 1 2) has lower surface excess energy than bare W (0 0 1) at 
all considered temperatures, and at temperatures below ̃1000 K the W 
(1 1 2) has low enough surface energy that it would be expected to 
appear on particles exhibiting the equilibrium shape. At these temper-
atures achieving the equilibrium shape may be kinetically constrained, 
though increasing “rounding” of (1 1 0)/(1 1 0) edges due to the 
appearance of (1 1 2) facets should be expected. At all temperatures 
corners at the intersection of three (1 1 0)-type planes should be ex-
pected to be truncated with small (0 0 1) facets. 

3.2. W particles in an Ba/O-containing environment 

We now consider the equilibrium shape of W particles in a chemical 
environment containing O, or Ba and O, and specifically the equilibrium 

Fig. 2. Surface energies and correlated equilibrium Wulff shapes of bare W 
surfaces at three temperatures: 300 K, 1000 K, 2000 K. 

Fig. 1. μ̂W as a function of temperature for three bulk supercells.  
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W particle shape as a function of both temperature and O2 partial 
pressure. The Ba/O-on-W system is highly relevant for thermionic 
(“hot”) dispenser cathodes with critical applications in vacuum elec-
tronics [27–31]. Cathodes consist of loosely sintered pellets of micron or 
sub-micron W crystallites, and are heated to high temperature (>1000 
K) to initiate thermionic electron emission. Extensive studies have 
shown that Ba cations adsorbed atop O-terminated W surfaces in so- 
called B-type cathodes dramatically enhance thermionic emission 
[28,31,83]. In addition, recent studies have shown that B-type cathodes 
can be further enhanced with the addition of Sc. These scandate cath-
odes exhibit extremely high emitted current densities, and also a char-
acteristic (0 0 1)-, (1 1 0)-, (1 1 2)-terminated shape, highlighting a 
direct connection between equilibrium shape and device performance 
during operation [27]. 

Experiment has shown that while O is present during cathode 
operation, its availability is not sufficient to oxidize W particles to WO3, 
even after annealing at elevated temperature (1300 K and higher) for 
100s or 1000s of hours [27]. In addition, both BaO and metallic Ba are 
observed to be present inside the sealed environments in which cathodes 
operate, implying enough O is available to oxidize at least a significant 
fraction of available Ba [84]. These observations of the presence of 
certain bulk phases represent limits on the chemical potential of O in the 
W particle’s environment. 

For a general oxidation reaction at equilibrium, when a bulk metal M 
is in equilibrium with its oxide MOX, we have: 

μ̂M +XμO = μ̂MOX
(6)  

or μO =
μ̂MOX

− μ̂M

X  

When either the metal or the oxide are favored, these become in-
equalities, with ̂μM +XμO lower when the metal is stable, and μ̂MOX 

lower 
when the oxide is favored. For a Ba/O/W containing system relevant to 
cathodes, where both metallic W and Ba oxide are present, we have for 
W μ̂W + 3μO < μ̂WO3

, and for Ba, μ̂Ba + μO⩾μ̂BaO. Rearranging, this gives 
limits on the value of μ̂O implied by experiment: 

μO <
μ̂WO3

− μ̂W

3
and μO⩾μ̂BaO − μ̂Ba 

Fig. 3 shows these limits on μO—effective the equilibrium phase 
boundaries between W/WO3 and Ba/BaO—at 0, 300, 1450, and 2000 K, 
as derived for computed bulk free energies (chemical potentials) of W 
(from above), WO3, Ba, and BaO (see Fig. 7 in the Appendix). 

To study W particle shapes relevant in cathode environments, the 
properties of various Ba/O-on-W surface configurations were computed: 
Ba0.50O-top/W(0 0 1), Ba0.25O-tri/W(1 1 0), Ba0.50O-top/W(1 1 2) 
([2 × 1] row and [2 × 2] zig-zag), O-top/W(0 0 1), O-top/W(1 1 0), O-top/ 
W(1 1 2), bare W(0 0 1) (ideal-terminated and [2 × 2] reconstructed), 
bare W(1 1 0), and bare W(1 1 2). These surfaces were considered 
because they represent the collection of thermodynamically-stable, 
lowest surface energy configurations as determined in previous zero- 
temperature calculations by Zhou et al. [31] for W particles in 

environments containing Ba and O. 
We have computed F̂V and SC values for each of these surfaces, 

which, when combined with the temperature-dependent bulk chemical 
potentials already discussed, allow determination of fully temperature- 
and chemical environment-dependent surface excess free energies. In 
computing F̂V , phonon density of states (pDOS) were required for both 

Fig. 4. Four combinations of PO2 and T are highlighted in (d). These pairs are 
extended to (c) and (e), which show γ̂ as a function of μO at two temperatures: 
1500 K and 1950 K. The minimum γ̂ surfaces were used to construct four Wulff 
shapes, each exhibiting varying degrees of (0 0 1), (1 1 0), and (1 1 2) facets, 
highlighting the critical dependence of γ̂ on both T and μO. Figures (a) and (f) 
are both comprised only of bare W facets, and appear quite similar except for 
the slight appearance of (1 1 2) in Fig. (f). Figure (b) prominently exhibits all 
three facets, and is comprised of the Ba0.50O-top/W(0 0 1), Ba0.25O-tri/W(1 1 0), 
and is the Ba0.50O-top/W(1 1 2) configurations. Figure (g) does not exhibit the 
(1 1 0) facet, only including the Ba0.50O-top/W(0 0 1) and Ba0.50O-top/W(1 1 2) 
configurations. At both of these temperatures, bare W(0 0 1) refers to the 
reconstruction. 

Fig. 3. The regions of stability for a metal and its respective oxide as a function 
of temperature for W and Ba. 
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bulk and slab systems. Plots of pDOS for the nine Ba/O-on-W surfaces 
are presented in the Appendix (Fig. 9). Analysis of the pDOS for surface 
slabs provides a test of the structural stability of the surface configura-
tions considered beyond relaxation of structures according to their 
interatomic forces, as stable structures are local energy minima, and 
therefore have no imaginary phonon modes. DFPT calculations of 
structures relaxed according to their interatomic forces until total en-
ergies were converged within 1 × 10− 7 eV/atom show there are no 
imaginary phonon modes for any of the bare W, O-on-W, or Ba/O-on-W 
surfaces except (i) the ideal-terminated bare W (0 0 1) and (ii) the 
Ba0.50O-top/W(1 1 2) surface. 

In the case of ideal-terminated W (0 0 1), imaginary modes with 
frequencies ranging from 6.0 × 109 to 2.3× 1012 Hz simply reflect that 
the [2 × 2] reconstruction, rather than the ideal-terminated surface, is 
stable, and the (relaxed) reconstructed surface is found to have no 
imaginary modes. The case of Ba0.50O-top/W(1 1 2) is more complicated, 
with the (relaxed) [2 × 1] “row” reconstruction reported by Zhou et al. 
[31] found to exhibit a single imaginary mode with a frequency of 
8.55 × 108 Hz. The Ba atoms in this surface are in alternating rows, and 
the imaginary mode involves an in-plane shift by the surface Ba towards 
a neighboring (unoccupied) surface site. Further analysis of up to [4 × 2]
Ba0.50O-top/W(1 1 2) surfaces shows that a [2 × 2] “zig-zag” pattern of 
Ba atoms yields a reconstruction with slightly lower energy (by ̃1 eV/ 

Å
2
), but that also exhibits a low frequency imaginary mode (2.32× 1010 

Hz). 
Despite DFPT finding this mode to be imaginary (indicating that the 

surface configuration is not a local minimum), direct, discrete calcula-
tion of the energy of the Ba0.50O-top/W(1 1 2) “zig-zag” with displace-
ments (of varying magnitude) in the hyperdirection of this mode find the 
relaxed structure to be the lowest in energy. Based on the facts that both 
[2 × 1] and [2 × 2] "zig-zag" structures are relaxed structures, that both 
imaginary modes are relatively low frequency (implying a slowly 
varying potential energy surface), and that direct calculation of the 
energy of relaxed “zig-zag” structures displaced according to the imag-
inary mode confirm a minimum energy configuration, we hypothesize 
that the arrangement of Ba atoms on the O-covered W (1 1 2) is not 
unique (at least at any finite temperature), instead sampling a range of 
close-lying energy minima (e.g. combinations of “row” and “zig-zag” 
configurations), suggesting significant disorder in Ba arrangement on 
this surface, and possibly fast Ba surface diffusion. Further examination 
of the kinetics of this surface are warranted, but beyond the scope of this 
study. In computing equilibrium crystal shapes we have chosen to use 
the low-energy [2 × 2] “zig-zag” structure, though the similar energetics 
(both zero temperature EDFT and temperature-dependent F̂V are within 
̃1% of each other) of the [2 × 2] and [2 × 1] yield qualitatively indis-
tinguishable equilibrium shapes. 

Combining all computed bulk and surface free energies, Fig. 4 
summarizes the effects of varying temperature and μO by showing 
equilibrium W crystal shapes [Figs. 4] at T = 1950 and 1500 K and μO =

− 11 and − 8.75 eV. Figs. 4(c) and (e) show the μO-dependent surface 
energies at the two temperatures, and Fig. 4(d) indicates the relative 
positions of the selected (T, μO) points in phase space. Surface free en-
ergies for the nine surface configurations [γ̂α(μO)] are shown as red, 
green, and blue curves in Figs. 4(c) and (e). Fig. 4(c) shows surface free 
energies at 1950 K, and Fig. 4(e) at 1500 K. Red curves correspond to (0 
0 1) surface configurations, blue curves to (1 1 0) configurations, and 
green curves to (1 1 2) configurations. At both of these temperatures, 
Ba0.5OO-top/W(1 1 2) [2× 2] and [2× 1] exhibit comparable surface 
excess free energies, and are thus not distinguished in this discussion. 
The W (0 0 1) curve is for the [2 × 2] reconstruction. The M/MOX 
equilibrium values of μO are shown as the solid magenta (Ba/BaO) and 
cyan (W/WO3) vertical bars. The γ̂α(μO) curves are discontinuous at 
these bulk phase boundaries, as would be expected based on an exam-
ination of Eq. 4. 

Fig. 4(d) shows a diagram akin to a temperature–pressure phase 

diagram. Oxygen partial pressure is represented by μO, the O chemical 
potential, or, equivalently, the chemical availability of O in the system. 
Selecting two μO points in each of the 1500 K and 1950 K plots of ̂γα(μO)

[blue/orange and gray/purple vertical highlights in Fig. 4(c) and (e)] is 
equivalent to selecting four distinct (T, μO) points on the temper-
ature–pressure diagram, Fig. 4(c). Figs. 4 (a), (b), (f) and (g) show the 
different equilibrium shapes of W particles at the four different (T, μO)

points. 
It should be noted that the values of γ̂α represent a set of surfaces in 

(T, μO) space. Fig. 4 shows isothermal sections of the full 3D data set, 
with each ̂γα surface appearing as a curve. Movies showing the evolution 
of similar isothermal sections of ̂γα(μO) curves as temperature varies are 
available elsewhere [85]. 

In addition, the contribution to the surface free energy from vibra-
tional entropy is consistently far more significant than from configura-
tional entropy, though this varies significantly as temperature varies. 
For example, for the Ba0.50O-top/W(0 0 1), at 100 K, vibrational entropy 
is calculated to be 516× greater than configurational entropy; at 2000 K, 
this ratio increases to 6542× (vibrational entropy remaining greater). 
Excluding configurational entropy would have a relatively minor effect 
on the conclusions drawn from the present results. 

The equilibrium particle shape (Wulff shape) at any particular values 
of T = T* and μO = μ*

O can are determined by carrying out the Wulff 
construction with the set of γ̂α

(
T*, μ*

O
)

values. The Wulff construction 
yields not only the equilibrium shape, but also information as to the 
specific surface configurations (orientation, composition, and surface 
atom arrangement) that are expressed by W particles at the given con-
ditions. Therefore, the content of Fig. 4 can be expanded into a “particle 
configuration map” indicating both the shape of W particles and the 
details of the chemistry of the particles’ surfaces at every temperature 
and μO. 

Fig. 5 is a particle configuration map for W particles in a Ba/O- 
containing environment as a function of μO. Each box represents a 
point in (T, μO) space, with the box’s color and style indicating the 
presence of particular surface configurations in the Wulff shape. Red, 

Fig. 5. Prominent surface facets for W nanoparticles as a function of temper-
ature, μO, and adsorbed Ba/O species. WO3 exists at all temperatures given a 
μO > ̃-8.25 eV. At low μO and high μO (before it fully oxides to WO3) the 
nanoparticle is predominantly (1 1 0) terminated. At low μO, the surface is bare; 
at high μO, the surface is Ba-O-terminated. At moderate μO, the nanoparticle is 
dominated by the (1 1 2) facet. With the addition of Ba to the O-W system, there 
is no μO or temperature wherein a O-terminated configuration is featured on the 
nanoparticle. 
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blue, and green again represent (0 0 1), (1 1 0), and (1 1 2) facets, 
respectively, and solid, hatched, and checked boxes represent bare, O- 
terminated, and Ba/O-terminated surface configurations, respectively. 
The area of a particular color and style within a box (representing a 
particular surface configuration) corresponds to the fraction of particle 
surface area expressed by the surface configuration at equilibrium. For 
example, if a box is 60% solid blue and 40% solid red, particles under the 
correlating conditions would have surface areas comprised of 60% W(1 
1 0) and 40% W(0 0 1). Empty white boxes indicate conditions under 
wherein W particle will oxidize to form WO3. 

Examining Fig. 5, it can be seen that at low O2 partial pressure (most 
negative μO), bare W surfaces (solid color boxes) are preferred, with (1 1 
0) dominating at all temperatures. This is fully consistent with results for 
W particles in vacuum, as discussed above, and the fact that strongly 
negative μO implies extremely low availability (low partial pressures) of 
O (or O2). As μO increases, that is, as the partial pressure of O2 increases, 
Ba/O-terminated facets begin to appear at all temperatures. Once μO 
reaches ̃-10.25 eV, depending on T, W particles have (i) completely 
changed shape from principally (1 1 0)-terminated to primarily (1 1 2)- 
terminated [with some (0 0 1) appearing at elevated temperatures], and 
(ii) have changed from bare W to Ba/O-terminated. At sufficiently high 
μO, as the bulk W/WO3 phase boundary is approached, both Ba/O- 
terminated (0 0 1) and (1 1 2) facets disappear, replaced by Ba/O- 
terminated (1 1 0) facets. 

Intriguingly, O-terminated facets never have sufficiently low surface 
energy to appear with appreciable area on W particles in environments 
containing both Ba and O. The present results, though, allow construc-
tion of a similar particle configuration map to Fig. 5, but for environ-
ments where Ba is absent—that is environments containing only O. This 
is accomplished by including only bare and O-terminated surfaces in the 
Wulff construction. Fig. 6 is a particle configuration map for W particles 
in O-only environments as a function of temperature and μO. Colors and 
box styles are the same as in Fig. 5. 

Comparison of Figs. 5 and 6 makes immediately clear that the 
addition of Ba dramatically changes the shape and chemistry of W 
particle surfaces. In the absence of Ba, W nanoparticles are either (1 1 0) 

O-terminated, or, below a minimum μ̂O, (1 1 0) bare W-terminated, with 
some bare (0 0 1) or (1 1 2) present. The addition of Ba suppresses the 
appearance of bare W-terminated particles to more O-poor environ-
ments, introducing a wide range of μ̂O values at which Ba/O-terminated 
surface dominate. In addition, the availability of Ba dramatically sta-
bilizes (1 1 2) facets. It should be noted that while significant amounts of 
bare W (1 1 2) is stable at low temperatures, as noted in discussion about 
pure W particles, these shapes likely are kinetically constrained, and 
likely appear as (1 1 0)-terminated particles with (1 1 2)-rounded (1 1 
0)/(1 1 0) edges. Of particular importance to cathodes is that (1 1 2) 
facets require Ba to appear. This shows that both careful control of O2 
availability and the presence of Ba can produce (1 1 2) facetting on W 
nanocrystals. 

4. Summary and conclusion 

We have applied DFT and DFPT calculations to compute bulk 
reference free energies and surface excess free energies accounting for 
vibrational and, where appropriate, configurational entropies of solid 
particles and particle surfaces. We have applied these calculations to a 
family of bare and decorated crystal surfaces relevant for thermionic 
cathodes widely applied in vacuum electronics. Using these tempera-
ture- and chemical potential-dependent surface free energies, we have 
constructed particle configuration maps that highlight the shape and 
surface chemistry of particles at equilibrium over a range of tempera-
tures and environmental conditions (represented by the chemical po-
tential of environmentally available species). Such maps, constructed 
here for W particles in O- or Ba/O-containing environments, demon-
strate the critical role that the availability of Ba plays in controlling both 
the shape and chemistry of W particle surfaces at application-relevant 
conditions. In particular, the (1 1 2) facets widely observed in therm-
ionic cathodes are shown to only be present when Ba is available, as 
these facets are not appreciably expressed on W particles in O-only en-
vironments. These findings highlight the broad power of DFT+DFPT 
computed particle configuration maps: revealing connections between 
and insight into particle behavior and properties as a function of 
experimentally-relevant conditions. 
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Fig. 6. Prominent surface facets for W nanoparticles as a function of temper-
ature, μO, and adsorbed O species. WO3 exists at almost all temperatures given a 
μO >-7.75 eV. While the nanoparticles are terminated with the (1 1 0) facet at 
almost all temperatures and μO, the facet is O-terminated given a μO from − 9.5– 
− 8.75 eV, depending on the temperature. 
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Fig. 7. Bulk μ̂ values for (a) W, (b) Ba, (c) WO3, and (d) BaO, each from 0–2000 K.  

Fig. 8. (top) The bare W (0 0 1) surface with (a) an ideal termination and (b) the lower energy reconstruction. (bottom) The Ba0.50O-top/W(1 1 2) [2× 2] with Ba 
atoms in a (a) “row” pattern and a (b) “zig-zag” pattern. (W atoms are gray, O atoms are red, Ba atoms are green). (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.) 
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Appendix A 

A.1. Bulk free energies 

Fig. 7 reports computed bulk free energies (μ̂i) for W, Ba, WO3, and BaO. Bulk free energies of W (μ̂W) are computed as described in earlier text. 
Bulk free energies of Ba (μ̂Ba) is computed for a body-centered cubic structure (mp-122 on The Materials Project [82]), and of BaO (μ̂BaO) for a cubic 
structure (mp-1342 on The Materials Project [82]). In the case of ̂μWO3

, the equilibrium phase is known to vary with temperature. Here we have chosen 
the tetragonal phase (mp-19443 on The Materials Project [82]), expected to be stable at temperatures above ̃1000 K [86], as the reference phase. 

A.2. Surface pDOS and Structures 

Fig. 8 shows the bare W (0 0 1) with both the ideal-termination as well as the lower energy reconstruction, as well as the two Ba0.50O-top/W(1 1 2) 
surface configurations discussed in earlier text. Fig. 9 includes the phonon density of states for each of the surfaces evaluated in this investigation. 
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[74] P.E. Blöchl, Projector augmented-wave method, Phys. Rev. B 50 (24) (1994) 
17953–17979, https://doi.org/10.1103/PhysRevB.50.17953. 

[75] D. Singh, S.-H. Wei, H. Krakauer, Instability of the ideal tungsten (0 0 1) surface, 
Phys. Rev. Lett. 57 (26) (1986) 3292–3295, https://doi.org/10.1103/ 
PhysRevLett.57.3292. 

[76] R. Kumar, H.E. Grenga, Surface energy anisotropy of tungsten, Surf. Sci. 59 (2) 
(1976) 612–618, https://doi.org/10.1016/0039-6028(76)90039-X. 

[77] A. Szczepkowicz, A. Ciszewski, Faceting of curved tungsten surface induced by 
palladium, Surf. Sci. 515 (2–3) (2002) 441–452, https://doi.org/10.1016/S0039- 
6028(02)01960-X. 

[78] T. Acsente, R. Negrea, L. Nistor, E. Matei, C. Grisolia, R. Birjega, G. Dinescu, 
Tungsten nanoparticles with controlled shape and crystallinity obtained by 
magnetron sputtering and gas aggregation, Mater. Lett. 200 (2017) 121–124, 
https://doi.org/10.1016/j.matlet.2017.04.105. 
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